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INTRODUCTION 
In situations where the electrical skin depth 8 is small compared with a typical crack 
dimension /, substantial progress has been achieved in recent years in modeling surface 
electromagnetic fields and the perturbations that are produced in them by surface-breaking 
flaws [1,2,3]. The development of an unfolding theory at UCL for thin-skin surface fields 
was based on the approximation that the electric and magnetic field vectors E and H are 
essentially tangential to the surface of the material in the surface skin. It was motivated by 
the desire to measure fatigue cracks in ferrous materials used in large-scale steel structures 
such as offshore oil rigs [2], and the method to which it was applied was the a.c. field 
measurement technique. Auld et al [ 4,5] later adapted the unfolding approach in considering 
thin-skin field models for the eddy current method, and their major concern was with 
applications to non-ferrous materials used in airframe and aero-engine manufacture. For 
acfm work, the unfolding theory leads to a surface Laplacian field on both the metal surface 
and the crack face and information on the crack presence is deduced by measuring 
perturbations in the surface field. Auld's model for eddy currents also has a plane Laplacian 
field on the crack face, but it is assumed that the crack produces no change in the field on the 
metal surface. Field lines in the unfolded plane for both models are shown schematically in 
Figure l(b,c) for the case when the interrogating field is uniform and the crack is 
semi-circular. Auld's model has been described as a Born type of approximation from an 
analogy with wave scattering theory which ignores the scattered field when calculating 
scattering cross-sections. 
It has been puzzling for some time that these two apparently disparate approaches have 
both given good agreement with experiment in their respective areas of application. This 
paper outlines recent work [6,7] which shows that the key to reconciling these two models 
rests in understanding how the electromagnetic field outside the specimen couples with the 
surface field. The contrasting boundary conditions which are imposed on the magnetic scalar 
potential at the metal surface in these two models are found to be two extremes of a more 
general condition and they are linked by the important dimensionless parameter m = 1/j..t,B 
where j.!, is the relative permeability of the material. The surface Laplace limit appropriate to 
the acfm work is recovered as m ~ 0, whereas the Born limit is appropriate as m ~ oo. 
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Figure 1. (a) Geometry for the problem of a semi-elliptical crack interrogated by a 
uniform incident surface current. 
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(b,c) Schematic field lines from surface Laplace and Born models for a 
semi-circular crack. 
(d) The unfolded problem for the surface electric potential<)> for a semi-ellipti-
cal crack in the Laplacian limit. 
(e) The boundary value problem on a semi-elliptical crack face in the Born 
limit. 
FORMULATION 
Cartesian axes oriented as shown in Figure 1(a) are used, the conductivity cr, permeability ~ 
and dielectric constant for the material are considered constant, the free space permeability is 
Jlo and the time dependence is like exp(irot). The frequencies considered are too low for 
radiation effects to be important so that the Maxwell equations for the fields in the exterior 
are 
curfE = -iro~. divE= 0, curlH = 0, divH = 0 (1 ,2,3,4) 
and in the skin 
curfE = -i ill~! H. divE = 0, curlH =erE, divH = 0 (5,6,7,8) 
We work with a magnetic scalar potential 'If where H =grad 'If so that in the exterior we have 
(9) 
It follows from (5) to (8) that in the conductor 
(10,11) 
where k2 = icoo~ (Re k>O). The skin depth 5 is measured by the length 1/lkl; we are 
concerned with thin-skin fields for which 0/1 « 1, I being the length scale of the 
surface-breaking crack of finite aspect ratio. Perturbations in E and H produced by the crack 
in the exterior field occur on the length scale I in the x,y ,z directions. In the surface skin, 
however, while the x and y dependence occurs on the same length scale I, in the z direction 
changes occur on the much smaller length scale 0. It follows from (10) and (11) that I(J2/ox21 
and I<P/dy21 are both « lo2/oz2J so that the skin profiles for the E and H fields must be like 
exp(kz) to a high degree of approximation. We are concerned here with a closer examination 
of the balance between the various terms in (10) and (11). The interior and exterior fields 
must obey the boundary conditions that tangential components of H and the normal 
components of B = ~H are continuous at their interface z = 0 . Thus the H field in the skin 
may be written 
(12) 
where the suffix o applied to the derivative denotes evaluation at the metal surface. From (8) 
therefore 
(13) 
so that a boundary condition on '\jf(x, y, z) at the metal surface z = 0 is 
(14) 
A similar derivation also applies for materials of high dielectric constant [8]. From (7) 
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and (12), corresponding values of the components of E in the surface may be shown [6] to be 
(15) 
Now the scaling of the last term in (14) relative to the first two is given by the 
dimensionless parameter 
m =IIIJ.,O (16) 
and it is the value of this parameter which accounts for the difference between the two 
models of surface fields described above. For ferrous steels at relatively low frequencies, m 
is small and the limiting form of equation (14) is the plane Laplacian condition 
(17) 
This limit then produces the plane Laplacian unfolding model. For non-magnetic 
materials like aluminum where IJ.,=1, however, m is necessarily large in thin-skin situations 
and the limiting form of equation (14) then requires 
d\Jf = 0 at z = 0 az (18) 
This is the surface condition underlying the Born approximation used by Auld et al 
[4,5], in which the image of the interrogating field is applied to remove the normal 
component of H at z = 0 and no other back scattering terms are used on the surface. The 
parameter m, through its influence on the general boundary condition (14), thus reconciles 
the two models described in the Introduction. The plane Laplace limit is recovered when m 
~ 0, the Born limit arises as m ~ oo; it seems inappropriate now to refer to the latter as an 
approximation in this context, since it is correct at the appropriate limit. The authors have 
undertaken theoretical and experimental investigations to confirm these two limiting forms of 
solution when m ~ 0 and m ~ oo in the case in which a surface crack of semi-elliptical plan 
form is interrogated by a uniform current injected into the specimen. The experiments 
confirm that the field adjacent to the crack takes up the form expected from the unfolding 
model for small m and the Born model for large m. 
THE MAGNETIC FIELD ABOVE A FLAW 
We consider the problem of a semi-elliptical crack interrogated with a uniform incident 
current as in Figure 1(a). The major and minor semi-axes are denoted by a and b. The 
solution of equation (9) for the scalar magnetic potential 'V subject to the boundary condition 
in equation (14) has been obtained for the two limits m ~ 0 and m ~ oo by Fourier 
transform methods [6]. Construction of these solutions requires a preliminary consideration 
of the non-analytic behavior of the fields at the edge of the crack. As a consequence of the 
symmetry of the fields about the crack plane, OBCD, we note first that 'V and hence aw;ax 
are continuous functions across the crack from one edge to the other. However, H or aw;ay 
is discontinuous across the crack edge lxl < a, y = x = 0, but H = 0 for lxl > a, y >;, z =0. A 
second effect of the crack is to produce a flux of H. out of the crack edge per unit length. We 
can incorporate these two features into the surface condition (14) and show that [6] 
(19) 
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where o(y) is the Dirac delta function and J-4n(x) represents the z component of H on the 
crack face at the edge. If equation (19) is multiplied throughout by !llk it can be seen as an 
equation of conservation of the flux of B in the surface layer at z = 0. On the LHS the first 
two terms together represent the flux of B per unit area out of an area in the (xy) plane within 
the layer. Outside the crack this is balanced by the flux of B entering the layer from outside, 
represented by the third term on the LHS. The terms on the RHS represent the sources of 
flux arising at the crack mouth. These sources of magnetic flux are provided by the flux of B 
into the surface z = 0 from the two crack faces. 
Equation (19) demonstrates the way in which the magnetic flux out of the crack is 
directed in the two limiting cases. In the limit when m is small the equation becomes 
a~ a~ 
- 2 + -z = 2H20(x )o(y) ax ay (20) 
which shows that all the magnetic flux emerging from the crack is directed into the surface 
plane. When m is large the equation becomes 
kllod\jf 
--:;-- = 2H20(x)8(y) ll uz (21) 
which signifies that all the flux is directed into the space z > 0. These limiting cases are 
illustrated schematically in Figure 2 and they enable us to specify the boundary conditions 
which must apply when joining the fields on the crack face and the surface plane. 
Irrespective of the value of m we must ensure that the normal flow of current across the crack 
edge is conserved. Since the skin profiles are the same in both regions it follows that the 
normal E component, E must be continuous at the edge where, in addition to this, the 
joining condition (19) must also apply. In the Laplacian limit shown in Figure 2(a) the flux 
of B emerging from the crack face is wholly directed into the plane. Since E = 0 in the 
interior at the point i, then the component of E on the surfaces tangential to the crack edge is 
a measure of this flux and it follows that E, has the same value at the points p,q. E, is 
therefore continuous across the edge. These two conditions, the continuity of E, and E., have 
been the basis of all previous modeling of the surface fields in the Laplacian limit. In the 
Born limit shown in figure 2b, since all the flux emerging from the crack is directed across 
the comer into the free space, a change in E, from one side of the crack edge to the other 
arises. In the cases where the applied field is symmetrical about the crack plane, no flux of B 
occurs across this plane. It follows that on the outer edge at p, E, is the same as in the interior 
of the specimen i.e. E, = 0. This is the case in the problem considered in this paper where the 
crack is interrogated by a uniform incident current. The Born condition, a'l'/az = 0 outside 
the crack at z = 0, is satisfied in this case by the uniform current flow remaining unchanged 
so that E,= E,is everywhere zero on the surface plane. 
It should be noted that this discussion of the edge conditions does not take account of 
the corner transition between the two planes which takes place on a length scale 8 at the 
corner. The solutions there for the Laplacian limit were given by Michael et al [9]. The 
surface boundary condition. on 'I' in equation (14) appears also in papers by Senior [8] and 
Nicolas [10], but they are not concerned with crack measurement and detection and they do 
not proceed to the deductions and interpretations outlined above. 
The field problems posed in the two limits m ~ 0 and m ~ oo are set out in Figure 
l(d,e) in terms of the potential <!> for the surface E field. Formulation in terms of <1> was 
adopted because the solution for the limit m ~ 0 already existed in those terms [11]. The 
solution for the limit m ~ oo in the domain of the crack face OBCD ·has been obtained by 
Fourier analysis [6]. The value of J-4n at the crack edge is then obtained from these solutions 
by evaluating a<1>1ax along the crack surface edge BOD. 
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Figure 2. The flux of B in the Laplace and Born limits. 
In the Born limit, the mouth of the crack acts as a strong source of magnetic flux into 
the space z > 0 so that the magnetic field there is much more sensitive to the mouth opening 
than it is for the Laplacian limit. For small openings, a correction for the effect can be 
calculated in the Born limit. The model assumes a constant tangential H field across the gap 
between opposite faces of the crack. At the mouth of the crack we can therefore calculate the 
correction to the flux of B. assuming that B. is constant across the mouth. Thus if h 
represents the mouth opening, which we here assume to be a constant independent of x, the 
total flux of B. from the crack is changed to ~{2Jl/k + j.J.Jl} where h <<I. The ratio of the 
magnitudes of the two terms in the bracket is seen to be mh/2/, which illustrates why the 
Born model is sensitive to this effect since m >> 1 in this case. The effect of this additional 
term was included when calculating the numerical results for the Born model. The results of 
the numerical calculations are presented as graphs of B/80 where 8 0 is the unperturbed 
magnitude of B upstream of the crack. 
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Figure 3. Comparison of experimental values of BJB. for a scan at a height of 2 rom 
across a semi-elliptical crack, with the theoretical estimates from the 
Laplacian and Born limits, (a) for a fatigue crack of half-length a = 18.5 
rom and depth b = 3.0 rom in mild steel, scanned 4.5 rom in from an end, 
(b) for a notch of a= b = 20 rom in Dural NS8 aluminum alloy, scanned 
across an end. 
+Experimental results,_ Laplacian theory,------ Born theory. 
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EXPERIMENTAL CONFIRMATION 
Experiments were carried out on a plate of mild steel containing a surface-breaking 
fatigue crack of semi-elliptical form and an aluminum block into which a semi-elliptical 
spark-eroded notch had been machined. The values of the parameter m were 0.59 in the 
former case and 11.9 in the latter thus reproducing the low m and high m limits respectively. 
Magnetic field strengths B,, B, B, were measured with small coils, the induced voltages 
being measured on a conventional acfm instrument, the Crack Microgauge. A uniform 
incident field was established by direct injection into the ends of the blocks. The surfaces 
were scanned by the coils which were mounted on a motorized x-y table. 
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Comparison of experimental values of B~. for a scan at a height of 2 mm 
parallel to the edge of a semi-elliptical crack, with the theoretical estimates 
from the Laplacian and Born limits, (a) for the same fatigue crack in mild 
steel at a distance of 3 mm from the crack edge, (b) for the same notch in 
Dural NSS at a distance of 7 mm from the crack edge. 
+Experimental results,_ Laplacian theory,------ Born theory. 
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Figure 3 shows a comparison of the experimental values of B. with the theoretical 
predictions of both models for a traverse in the y direction across the crack near one end. 
The experimental points in this case represent an average over the two ends. The results 
clearly confmn the conclusions of our theory that the results for steel should agree with the 
Laplacian model, whilst those for aluminum should follow the Born model. In fact the 
agreement in the steel experiments is better than might be expected because the value of m is 
not very small in this experiment. These figures also demonstrate one of the main 
differences between the models, namely that the B. field is much more strongly concentrated 
over the crack edge in the Born model. Further confirmation of the modeling comes from the 
results shown in Figure 4 in which B is plotted for a traverse in the x direction i.e. parallel to 
the crack edge. This is a particulfu.ly useful component of B to measure because the 
anti-symmetry of B with y allows much of the non-uniformity of the field to be eliminated 
by averaging. In e~ch case the appropriate model happens to be the one which gives the 
smaller values of B. We note finally that in these experiments the crack opening in the steel 
specimen is very srilall and has negligible effect. On the other hand for the aluminum spark 
eroded notch h = 0.8mm and the value of mh/2a, which measures the relative contribution of 
the crack opening to the B. flux is in this case 0.236. 
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CONCLUSIONS 
From a general model which matches the thin-skin electromagnetic field around a 
surface breaking crack to that in the free space above, we have found that the solution has 
two extremes, depending on the value of the ratio m = 1111,'0 where I is the length scale of the 
crack. For ll, >> 1 the magnetic scalar potential satisfies the 2-D Laplace equation on the 
surface, which explains why this approximation, used in modeling the a.c.f.m. technique, 
gives good results for magnetic materials such as mild steel. For the opposite extreme, where 
ll,-1, the scalar potential satisfies the condition that its normal derivative is zero, which 
explains why the Born approximation, often used in modeling the eddy current technique, 
gives good results for non-magnetic materials such as aluminum. It has also been shown that 
the results are sensitive to the notch opening when m is large. Experiments undertaken to 
measure the magnetic field above cracks subjected to a uniform input current have given 
good quantitative agreement with the theoretical predictions. Further work is in progress to 
determine what ranges of m can be described by each extreme, and to solve the general 
problem for intermediate m. 
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